We study spin-1/2 Heisenberg antiferromagnets on a diamond-like-decorated square lattice. The diamondlike-decorated square lattice is a lattice in which the bonds in a square lattice are replaced with diamond units. The diamond unit has two types of antiferromagnetic exchange interactions, and the ratio λ of the diagonal bond strength to that of the other four edges controls the frustration strength. For 0.974 < λ < 2, the present system has a nontrivial macroscopic degeneracy, which is called the macroscopically degenerated tetramer−dimer (MDTD) states. The MDTD states are identical to the Hilbert space of the RokhsarKivelson (RK) quantum dimer model (QDM). By introducing further neighbor couplings in the MDTD states, we calculate the second-order effective Hamiltonian, which is exactly the same as the square-lattice QDM with a finite hopping amplitude t and dimer-dimer interaction v. Furthermore, we calculate v/|t| as a function of the ratio λ in the Heisenberg model and examine which phases of the square-lattice QDM appear in our obtained states. Our obtained QDM has a region where λ exhibits a finite hopping amplitude (|t| > 0) and repulsive interaction between dimers (v > 0). This suggests the possibility of realizing the resonating valence bond (RVB) state because the RVB state is obtained at v = |t|, which is known as the RK point.
I. INTRODUCTION
Exploration of the resonating valence bond (RVB) state is one of the central issues in condensed matter physics. 1 In 1988, Rokhsar and Kivelson, motivated by the discovery of a high-temperature cuprate superconductor, proposed the quantum dimer model (QDM) 2 as a phenomenological Hamiltonian within RVB theory. The QDM is expressed as
where t and v represent the pair-hopping amplitude and dimer-dimer interaction, respectively. Because the RVB state emerges at v = |t|, known as the RK point, much effort has been devoted to constructing the QDM from quantum spin systems for the purpose of discovering the RVB states. 3 However, it has not been made clear whether the QDM can be realized from realistic quantum spin systems. Thus, discovery of a quadratic and simple spin Hamiltonian that yields the QDM would be a significant step facilitating exploration of the RVB state. Therefore, we show that the QDM can be realized as a low-energy effective Hamiltonian of a spin-1/2 Heisenberg antiferromagnet on a diamond-like-decorated square lattice, as shown in Fig. 1 . In this way, we present a constructive method to realize the QDM from the spin system. A diamond-like-decorated square lattice is a lattice in which the square lattice bonds are replaced with diamond units, 6 as shown in Fig. 1 . If we define the interaction strength of the four sides of a diamond unit as J and that of the diagonal bond as J ′ = λJ, the ratio λ determines the ground-state properties. 7 As shown in Fig. 1 , we denote the four S = 1/2 operators in a diamond unit as s i , s j , s k,a , and s k,b . Thus, the Hamiltonian can be written as
where i, j represents a nearest-neighbor pair of the square lattice. Here, we call s i and s j the edge spins (closed circles in Fig. 1 ) and the pair (s k,a , s k,b ) a bond spin-pair (open circles). The ground state of an isolated diamond unit for λ < 2 becomes a nonmagnetic tetramersinglet state, which is described by
where {|t + , |t 0 , |t − } represents the triplet states of a bond spin-pair. The tetramer-singlet state is equivalent to the plaquette RVB state. For a diamond-likedecorated square lattice with 0.974 < λ < 2, the groundstate manifold consists of macroscopically degenerated tetramer-dimer (MDTD) states, 7, 8 as shown in Fig. 2(a) , where the phase boundary λ = 0.974 is calculated by the modified spin-wave method.
7 If we regard a tetramer singlet as a "dimer" in the QDM, then MDTD states are equivalent to square-lattice dimer-covering states, as shown in Fig. 2(b) . Furthermore, we derive a squarelattice QDM as a second-order effective Hamiltonian by introducing the further neighbor couplings, and we calculate v/|t| as a function of the ratio λ in the Heisenberg model. Our obtained QDM has a region of λ with a finite hopping amplitude (|t| > 0) and a repulsive interaction between dimers (v > 0). This suggests the possibility of realizing the RVB state, because this state is obtained at
This paper is organized as follows. We define the second-order effective Hamiltonian and the square-lattice QDM in Sect. 2. In Sect. 3, we show the calculated dependence of v/|t| on λ by introducing the further neighbor couplings. We summarize the results obtained in this study in Sect. 4.
II. DEFINITION OF THE SECOND-ORDER EFFECTIVE HAMILTONIAN AND THE SQUARE-LATTICE QDM
The second-order effective Hamiltonian can be written as
where t represents the second-order pair-hopping amplitude and ǫ 2 , ǫ 1 , and ǫ 0 represent the second-order perturbation energies when there are two, one, and zero dimers on a plaquette, respectively. The operatorsT ,
· · · andD 0 are defined bŷ
Furthermore, Eqs. (4) can be rewritten as
where we use the conditionD 2 +D 1 +D 0 = N = [total number of plaquettes] and 
which represents repulsive (v > 0) or attractive interaction (v < 0) between dimers. Therefore, from Eqs. (6) and (7), we notice that the effective Hamiltonian H eff can be written as the sum of H QDM and the constant term ǫ 1 N , which is the generation energy of a dimer.
III. CALCULATION RESULTS FOR THE DEPENDENCE OF v/|t| ON λ
This section presents calculation results for the dependence of v/|t| on λ. First, we explain the method for introducing further neighbor couplings. As shown in Fig. 3 , we introduce two kinds of further neighbor couplings ∆ I and ∆ II , which are shown by the dashed lines and by the double dashes lines, respectively. The coupling ∆ I connects between two adjacent diamond units, on the other hand, ∆ II between two facing diamond units in the same plaquette, respectively.
In Fig. 4(a) becomes zero for all λ in this region, which is based on the fact that the perturbation process contributions cancel each other out. 4 On the other hand, the dimer-dimer interaction
, which is the repulsive (attractive) interaction between dimers, in the regions of 1.06 < λ < 1.68 (0.974 < λ < 1.06 and 1.68 < λ < 2). Note that, in the neighborhood of λ = 2, we obtain large attractive interaction v (II) , which originates from the fact that the energy gain of a plaquette with two dimers is larger than the others, i.e., the difference between the number of dimers in the intermediate state and that in the initial (final) state during the perturbation process. If the numbers of dimers are the same in both the initial (final) and the intermediate states, there is no λ dependence. On the other hand, if the numbers of dimers are different in these states, there is λ dependence. We describe the details of these dependences in Ref . 5 . Furthermore, both v (II) and t (II) diverge to −∞ for λ = 2, which is a phase transition point in the original spin Hamiltonian, 7 and the energy denominator becomes zero.
In Fig. 4(b) , we show numerical calculations for the dependence of v/|t| on λ when ∆ II /∆ I = 0.8, 1.0, and 1.2,
) and |t| = |t (I) + t (II) | are total second-order perturbation matrix elements when both couplings ∆ I and ∆ II are introduced. Note that the sign of the hopping parameter t can be absorbed into an adequate phase factor for the dimer-covering states. From Fig. 4(b) , we can see that the magnitude of v/|t| increases as ∆ II /∆ I becomes large, except in the neighborhood of λ = 2. Furthermore, we define λ as λ 
. When 0.974 < λ < 1.06 and 1.68 < λ < 2, we suggest that our obtained results correspond to the columnar phase of the square-lattice QDM because v/|t| ≤ 0 is obtained, i.e., there is an attractive interaction between dimers. On the other hand, when 1.06 < λ < 1.68, we obtain v/|t| > 0 and in the case of ∆ I = 0 and ∆ II = 0, we obtain v/|t| = v (II) /|t (II) | = 1 at λ = 1.18 and 1.48, which shows realization of the RVB state.
2
Note that, in Fig. 3 , we set the direction of bond spinpairs parallel to the plane formed by the edge spins, i.e., we set the direction of bond spin-pairs orthogonal to the z-axis when we introduce the further neighbor couplings ∆ I and ∆ II . However, we can consider another method of introducing the further neighbor couplings. In our previous studies 5 , we set the direction of the bond spinpairs orthogonal to the plane formed by the edge spins, i.e., we set the direction of the bond spin pairs parallel to the z-axis. As a result, we obtained v (I) = 0 and v (II) < 0 for all λ. Therefore, we suggested that the columnar phase is stabilized for all λ.
IV. CONCLUSIONS
We derived a square-lattice QDM as a second-order effective Hamiltonian for spin-1/2 Heisenberg antiferromagnets on a diamond-like-decorated square lattice by introducing further neighbor couplings ∆ I and ∆ II . One of the most interesting results is that, at λ = 1.18 and 1.48, the RVB state can be realized.
The present model contains only quadratic Heisenbergtype couplings and is based on an ordinary twodimensional lattice periodicity and connectivity. Therefore, our construction of QDMs from Heisenberg models provides a clear path towards experimental realization or material design of QDMs. For example, layered compounds of Cu 2+ ions bridged by bidentate di-radical ligands, or alkali metal atoms on an optical superlattice, are accessible.
9,10 New insights into progress in RVB physics could be gained if these materials could be synthesized.
